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1. Introduction

Many kinds of inverse problems have recently been studied in science and engineering. The Cauchy problem of an elliptic
partial differential equation is a well known inverse problem. The Cauchy problem of the Laplace equation is an important
problem which can be applied to the inverse problem of electrocardiography [2]. Onishi et al. [11] proposed an iterative
method for solving the Cauchy problem of the Laplace equation. This method reduces the original inverse problem to an iter-
ative process which alternatively solves two direct problems. This method, called the adjoint method in the papers [7,14],
can solve various inverse problems by applying many kinds of numerical methods for solving partial differential equations,
such as the finite difference method (FDM), the finite element method (FEM), and the boundary element method (BEM). The
convergence of this method for the Cauchy problem of the Laplace equation has been obtained [13].

The method of fundamental solutions (MFS) is effective for easily and rapidly solving the elliptic well-posed direct prob-
lems in complicated domains. Mathon and Johnston [10] first showed numerical results obtained by the MFS. The papers
[1,9] discuss some mathematical theories on the MFS. Both of the BEM and the MFS are well known boundary methods,
which discretize original problems based on the fundamental solutions. The MFS does not require any treatments for the
singularity of the fundamental solution, while the BEM requires singular integrals. The MFS is a true meshless method,
and can easily be extended to higher dimensional cases.

* Corresponding author. Tel./fax: +886 2 2362 6114.
E-mail addresses: shigeta@ntu.edu.tw (T. Shigeta), dlyoung@ntu.edu.tw, derliangy@yahoo.com (D.L. Young).

0021-9991/$ - see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcp.2008.11.018


mailto:shigeta@ntu.edu.tw
mailto:dlyoung@ntu.edu.tw
mailto:derliangy@yahoo.com
http://www.sciencedirect.com/science/journal/00219991
http://www.elsevier.com/locate/jcp

1904 T. Shigeta, D.L. Young/Journal of Computational Physics 228 (2009) 1903-1915

Wei et al. [16] applied the MFS to the Cauchy problems of elliptic equations. This method uses the source points distrib-
uted outside the domain. The accuracy of numerical solutions depends on the location of the source points. They numerically
showed the relation between the accuracy and the radius of a circle where the source points are distributed. But, the relation
between the accuracy and the number of source points has not clearly been given, yet.

Many researchers have solved the Cauchy problem with various methods. However, to our knowledge, the conventional
methods cannot solve a problem whose solution has singular points outside the computational domain (see [8,15] for exam-
ple). Using the FDM or the spectral collocation method in multiple-precision arithmetic, we cannot successfully solve a prob-
lem such that the exact solution is unbounded outside the computational domain.

In this paper, we use the MFS to directly discretize the Cauchy problem of the Laplace equation. This is an ill-posed prob-
lem, where the solution has no continuous dependence on the boundary data. Namely, a small noise contained in the given
Cauchy data has a possibility to affect sensitively on the accuracy of the solution. The problem is discretized directly by the
MFS and an ill-conditioned matrix equation is obtained. A numerical solution of the ill-conditioned equation is unstable. The
singular value decomposition (SVD) can give an acceptable solution to such an ill-conditioned matrix equation. The SVD was
successfully applied to the MFS for solving a direct problem [12]. Even though we apply the SVD, we still cannot obtain an
acceptable solution for the case of the noisy Cauchy data. We use the Tikhonov regularization to obtain a stable regularized
solution of the ill-conditioned equation. The regularized solution depends on a regularization parameter. Then, we need to
determine a suitable regularization parameter to obtain a better regularized solution. Hansen [3] suggested the L-curve as a
method for finding the suitable regularization parameter. It is known that the suitable parameter is the one corresponding to
a regularized solution near the “corner” of the L-curve. We can find the corner of the L-curve as a point with the maximum
curvature [6].

Under the assumption of uniform distribution of the source and the collocation points, we will numerically indicate that a
suitable regularized solution obtained by the L-curve is optimal in the sense that the error is minimized. We will respectively
show the accuracy and the optimal regularization parameter against a noise level of the Cauchy data. We will also mention
influence of the total numbers of the source and the collocation points on accuracy. We will show that our method is effec-
tive for a problem whose solution has singular points outside the computational domain. No multiple-precision arithmetic is
required to obtain a good solution. It is noteworthy that such kind of problems can also successfully be solved.

Section 2 introduces the Cauchy problem. In Section 3, the MFS discretizes the problem. In Section 4, the singular value
decomposition, the Tikhonov regularization and the L-curve are used to obtain a suitable regularized solution. In Section 5,
numerical experiments confirm that the suitable regularization parameter by the L-curve coincides with the optimal one
that minimizes the error between the regularized solution and the exact one. The error and the optimal regularization
parameter against the noise level of the Cauchy data are respectively shown. Then, our interest is how to choose the follow-
ing three parameters used in MFS: the numbers of collocation points, the number of source points, and the radius of a circle
where source points are distributed. A better choice of the parameters is also observed. A problem with an irregular domain
and a problem whose solution has singular points are successfully solved, respectively. Section 6 concludes the paper.

2. Problem setting

We consider the Laplace equation —Au = 0 in a two-dimensional bounded domain Q enclosed by the boundary I'. We
prescribe Dirichlet and Neumann boundary conditions simultaneously on a part of the boundary I', denoted by I'y, as
follows:

ou
u 7f7 % =g on F17
where f and g denote given continuous functions defined on I'y, and n the unit outward normal to I';. Then, we need to find
the boundary value u on the rest of the boundary I'; := I' \ I'; or the potential u in the domain Q. This problem is called the
Cauchy problem of the Laplace equation, and the boundary data are called the Cauchy data.
Our Cauchy problem is described as follows:

Problem 1. For the given Cauchy data f,g € C(I'y), find u € C(I';) or u € C*(Q) N C'(Q) such that

—Au=0in Q, (1)
ou
u=f, %:gonﬂ. (2)

The Cauchy problem is a well known ill-posed problem. We can show the instability of the solution to the Cauchy problem of
the Laplace equation as follows: for example, in the case where

Q=(0,17={(xy):0<x<1,0<y <1},
I'=0,1 x {0} = {(x,0): 0 < x < 1},

f(x,0) =% sin(nx), g(x,0)=0 (k>0),

the solution is given by
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u(x,y) = % sin(nx) cosh(ny).

Here we can see that

sup|f(x)| — 0, sup |u(x)| — oo,
xel’ xcQ

from which we know that the solution u of the Cauchy problem does not depend continuously on the Cauchy data f and g.

3. Discretization by the method of fundamental solutions
The fundamental solution of the Laplace equation in two dimensions is defined as

e 1
@*(r) ._—Elnr

for r = |%] = /x? + ¥, which is a solution to
—Ap* =6(X).

We distribute the collocation points {x,»}ﬁ 1 C I'1 on the boundary where the Cauchy data are prescribed, and the source
points {{1-}]-”:1 c Q¢ along a circle outside the domain (Fig. 1). We approximate u by uy:

N
UR) ~ Uy(X) =Y Wi;(X), (3)
=

where the basis function is defined as
Q;(X) = @ (]x = &l) (4)

and {wj}]’-V: ; are expansion coefficients to be determined below. Since the basis functions (4) have no singular points in €, the
approximate function uy satisfies the Laplace equation (1). Substituting (3) into (2) and assuming that (2) is satisfied at the
collocation points, we have

% Wy (%) =f@).

>~ A
P~ =

-——F--

Fig. 1. Problem setting and distributions of collocation and source points.
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or in the matrix form:

Aw = b, 5)
where the matrix A = (a;) € R*™" and the vectors w = (w;) € R",b = (b;) € R’ are defined by
@;(X), i=12,....M
al’:{‘r};";f‘(xi,v,), i—MiiMez. o RN
bi::{f(x,-), 1::1,2,...,1\/1 '
gxim), i=M+1,M+2,...2M

4. Regularized solution
4.1. Singular value decomposition

We write the linear system (5) again:
Aw = b, (6)

where A € R™" w e R", and b € R" with m = 2M and n = N(m > n). In general, (6) has the case where the exact solution w
does not exist in the conventional sense.
For the matrix A € R™*", the singular value decomposition (SVD) can be written as follows:

p
A=UzV' =) o],
i=1

where
U= (i - u,) e R™", V= (vvy---v,;) € R,

o (i=])

S=(s;) eR™", s;=4 ' N

) {0 tin

uuT =1, e R™™, WT =], e R"™",
mz=n, o,=2-206,>0 0Op1=-=0,=0

with the identity matrices I,, and I,. The non-negative values {g;}] ; are called the singular values of the matrix A. Using the
SVD, we define the Moore-Penrose pseudo-inverse by

. 1
A=) 5o
i=1

which coincides with the conventional inverse matrix A~! if the matrix A is square (m = n) and is not singular (p = n). Let
w, = A'b be the Moore-Penrose solution to (6):

P .
wo=Ab =) BBy, (7)
i=1 !

In a real problem, the Cauchy data fand g contain some noises due to observation errors. We consider the following equation
instead of (6):

Aw=b" b =b+Ab (8)
with the noise vector Ab € R". Then, the Moore-Penrose solution
p B
5 atmo (u;,b%) ]
w) =A'b 7271;, 9)

i1
is completely different from the solution wy since the solution is discontinuous for the Cauchy data. We need to find a good
approximation to wy.

4.2. Tikhonov regularization

In order to obtain a good approximate solution to (7) by solving (8), we consider minimizing the following functional with
a regularization parameter o > 0 according to the Tikhonov regularization:

2(w) = [Aw — B|]* + o | w]. (10)

o
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It is easy to see that the functional J? is strictly convex for any o > 0. Hence, J% has a unique minimum point w?, called the
regularized solution:

Jo(w5) = minJ; (w).
weR"
We know that w?, is the solution to
(ATA + 2L, )W) = ATD’. (11)

Eq. (11) is uniquely solvable since the matrix (A'A + ¢2I,) is symmetric positive definite. The regularized solution w’ can be
expressed in the form:

D J
5 _ (uivb) )
w3 ey

with the filter factor y; := 6?/(g? + o2). Then, substituting w’, into (3), we find the approximate potential uy in QU I';.
The error between the regularized solution for the noisy data and the Moore-Penrose solution is decomposed into

)4 p
i wy = (v wh) ) =3 R Y B (12)
The first term is the perturbation error due to the noise Ab and the second term is the regularization error caused by reg-
ularization of the exact b. When 0 < o < 1, we see that y; ~ 1 for most of i, and the error w}, — wy is dominated by the per-
turbation error. On the other hand, when o > 1, we see that y; < 1 and the error wi, — wy is dominated by the regularization
error. In the next subsection, we will consider a useful method for finding a suitable regularization parameter to minimize
both of the perturbation and the regularization errors.

4.3. L-curve

To find a suitable regularization parameter, Hansen [3] suggested the L-curve, which is defined as the continuous curve
consisting of all the point (||AwS — b’||, |[w?])) for o > O:

2 = {(|Aw;, — b"||, |[w5]) : o > O}.

For fixed o > 0, we get wj, and then can calculate the residual norm [|Aw?, — b°|| and the solution norm [[wi]. Thus, the L-
curve can be plotted as a set of all the points of the residual norms as abscissa and the solution norms as ordinate for all
o> 0.

The L-curve is plotted in double logarithm, and displays the compromise between minimization of the perturbation error
and the regularization error in (12). A suitable regularization parameter is given by the one corresponding to a regularized
solution near the “corner” of the L-curve. The “corner” can be regarded as the point where the curvature of the L-curve be-
comes maximum [4,6].

In the case when m = n and the exact b is given, that is, the Cauchy data f, g have no noises, if A is non-singular, we can
directly solve (5) to obtain a solution with high accuracy. However, we cannot guarantee that (5) is always solvable. Even if
there exists the inverse matrix, the solution to (5) for the noisy Cauchy data differs from the exact solution. On the other
hand, the regularized solution by the Tikhonov regularization is always uniquely determined for « > 0. In the next section,
our numerical experiments will show that the suitable regularization parameter given by the L-curve coincides with the
optimal one o, defined by

0
Olopt

[wo —w;_ || = min |[wo — wy|.
>0

5. Numerical experiments
5.1. Circular domain

We first consider a harmonic function u(x,y) = e*cosy — e¥ sinx in a unit disk Q := {(x,y) : x> + ¥?> < 1}. According to the
exact potential u, the exact Cauchy data are given by f = u and g = du/dn on the fourth part of the whole boundary I', which
is defined by

Ii={xy): ¥ +y*=1,x>0,y >0}

We now assume that the exact potential u is unknown, and identify a boundary value on the rest of the boundary
I'; .= 0Q\ I'1 from the noisy Cauchy data f° = (1 + €)f and g° = (1 + €)g, where € = €(x,y) is a uniform random number such
that —¢ < €(x,y) < ¢ with the relative noise level of 1005%.
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We distribute uniformly the collocation points {;}}", ¢ I'; and the source points {fj}jN:] C € as follows:

. 2m(i—1
X; = (cos 6;,sin 6;), 01-:% %,

2n(j—-1) m .
= 4 — =1,2,...,N,
N + N b J I b K 9
where R > 1 is the radius of the circle where the source points are distributed. We adopt the MATLAB code for solving dis-
crete ill-posed problems based on the SVD, made by Hansen [4,5], to our numerical computations. Due to the maximum
principle, it is sufficient to confirm the boundary error between the identified potential uy and the exact one u rather than
the domain error in our numerical experiments. We define the maximum relative error on the boundary by

i=1,2,....M

’ (13)
& = (Rcos0;,Rsind;), 0

luy —ull,
llufl
where the maximum norm on the boundary denotes

lull,, =supu@)|, VueC(r).
xel’

e:

)

In the first experiment, the relative noise level of the Cauchy data is assumed to be 5% (5 = 0.05). We set the parameters
(R,M,N) = (3.2,600,28). Fig. 2 shows the distributions of the collocation and the source points. As we can see in Fig. 3,
the corner of the L-curve is located at the point (||Aw; — b, [ws|)) with the regularization parameter o = 2.1195 x 107,
Fig. 4 shows the regularized solutions on the boundary for o = 2.1195 x 107%,2.1195 x 1073,2.1195 x 1072, 0. We can see

-4 -2 0 2 4

Fig. 2. Distributions of collocation and source points ((R,M,N) = (3.2,600, 28)).

8.6537-101*

10
10 [ $24514-107'2 1

6.944 - 1071
1.9671-107°

5 5.5721-107%
1.5784-1076

w3

[lwg,]

4.4713-107°
4.3.5879 1072

\ 1.0164 - 10°
10" b v 211951070 -

10 10 10
[ Awd, — %]

Fig. 3. L-curve (The corner is located at the point for o = 2.1195 x 1073).
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1195 x 1073

a=2. .
a=21195x 1071 = = /=
a=2.1195x 1072 --[zf -

a=0
exact

ulr

05

05 . . .
0 /2 ™ 3r/2 27
(4

Fig. 4. The regularized solutions versus the exact solution (5% noise level).

Table 1

The maximum relative errors for each o.

o 212 x 107 212 %1073 212 x 1072
Error 0.2743 0.0305 0.3382

that the solution is quite unstable if o = 0, that is, if the regularization is not applied. Comparing the other solutions for
o0 =2.1195x 107%,2.1195 x 1073,2.1195 x 1072, we can confirm that & = 2.1195 x 107> is a suitable regularization param-
eter to obtain a better approximate solution (Table 1).

From Fig. 5, we can see that the maximum relative error reaches a minimum at & = 1072”3 ~ 2.12 x 103, which coin-
cides with the suitable regularization parameter obtained by the L-curve. Hence, we know that the optimal regularization
parameter can be given as the one corresponding to a regularized solution at the corner of the L-curve.

Fig. 6(a) shows the maximum relative error e for the optimal regularized potential against the relative noise level 5. The
regression line in the interval [-9,0] is expressed by log,,e = 0.37951log;,6 — 0.22672. For the optimal regularized potential
uy, we have e = 0(5°*%) for § > 107°. Fig. 6(b) indicates the optimal regularization parameter %ope against the relative noise
level 6 and the regression line in the interval [-9,0] given by log;y0p: = 1.0186log;,6 — 1.2434. From this numerical result,
we can obtain the relation o = O() for 109 <5<,

After setting the parameters (R, M, N), we can obtain a suitable regularized solution based on the Tikhonov regularization
and the L-curve. Now, our problem is how to choose suitable parameters (R, M, N).

Fig. 7 shows the maximum relative error against the number of collocation points. We know from this result that we need
to take sufficiently many collocation points to obtain accurate solutions.

Fig. 8 shows the contour line of the maximum relative error e against (N, R) for the fixed number of collocation points
M = 600. Through this result, we know that the maximum relative error is roughly independent of the number of source

10 T T T T T
1
10 E 1
0
L 10 F
-1
10 1
-2
10 L L L L L
-12 -10 -8 -6 -4 -2 ¢
10 10 10 10 10 10 10
(%

Fig. 5. Maximum relative error against regularization parameter.
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a 0 T T T T T T b -1
05f 21
3r
At
4t
15f
) L
2, z 8
o ol S 4l
2 S 6
25} 5
gt
3r sl
35 of
-Ag -101
45 oy , X , , , ,
4 12 410 -8 -6 4 2 0 14 42 -0 6 -4 2 0

-8
log,y & logyo &

Fig. 6. (a) Maximum relative error and (b) the optimal regularization parameter against relative noise level.

0 500 1000 1500 2000 2500 3000
M

Fig. 7. Maximum relative error against the number of collocation points.

0.04

0.038

0.036

0.034

0.032

N N

Fig. 8. Contour line of the maximum relative error against (N,R)(M = 600); (a) (N,R) € [10,60] x [2,12], (b) (N,R) € [24,30] x [3,3.4].
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0.075 b 3.4

0.07

33
32
34 l 10.055
10.055
10.05
10.05 [
10.045
10.045

26 28 30 36

N

Fig. 9. Contour lines of the maximum relative error against (N, R) € [26,36] x [2.5,3.4]; (a) M = 2000, (b) M = 3000, (c) M = 4000.

points N for the fixed radius R of the circle where source points are distributed, and becomes large for large R. As a result, we
know that the parameters R ~ 3.2 and N > 25 will yield a better regularized solution.

Fig. 9 shows the contour lines of the maximum relative error e against (N,R) for the numbers of collocation
points M = 2000,3000,4000. We can see from the result that for M = 2000,3000,4000 we set R~ 3 to obtain
approximately 3% error. As was expected, N is not so important for accuracy. Table 2 shows the optimal choice
of (N,R) for each M.

A better R and the related error seem to be smaller as M increases. Hence, we should take sufficiently large M > 1000 as
much as possible to obtain a high accurate solution. This fact coincides with our common sense that a solution becomes
more accurate by taking many observation data. At least from this numerical result, we propose setting R~ 3,
25 < N < 30 and sufficiently large M > 1000 to obtain a better regularized solution whose error is approximately 3%.

Table 2
The optimal parameters.
M N R Error (%)
(a) 2000 26 33 242
(b) 3000 36 2.8 232

(© 4000 29 26 1.95
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'
N
'
N
O %
N
N

Fig. 10. Domain and distribution of points ((R,M, N) = (2,40, 30)).

3.5 T T

T
regularized — —
exact

/T

0 n/2 T 3n/2 2n

" . .
-4 -2 0 2 4

Fig. 12. Domain and distribution of points ((Reut, Rin, M,N) = (3.2,0.4,600, 60)).

5.2. Irregular domain

As the next example, we assume the exact solution as same as the one in the previous example in an irregular domain
enclosed by the boundary
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X(0) =r(0)cos0, y(0) =r(0)sind, 0<0<2m

with the Cassini oval

r(0) = r(0;a,b) = a\/cos 20+/(b/a)* —sin*20, 0<0<2n (14)

in the polar coordinates witha = 1, b = 1.01. It is easy to show that the unit outward normal to the boundary is expressed as

r'(0)sin 0 +r(0) cos 0 —r’(0)c050+r )sind

\/ T" +T' \/ r/ +T

We distribute collocation and source points along the boundary and the circle (Rcos 0, Rsin 0) uniformly as similar as (13).
Fig. 10 shows the domain, the unit outward normal, the collocation and the source points for example.

The relative noise level of the Cauchy data is assumed to be 10% (6 = 0.1). Let (R, M,N) = (2,5200, 30). The optimal reg-
ularization parameter can be found as o = 2.3493 x 102 by using the L-curve. Fig. 11 shows the regularized solution on the
boundary with respect to the optimal regularization parameter. From the result, it is concluded that even if the boundary of
the domain is complicated and the noise level of the Cauchy data is higher, the regularized solution is in very good agree-
ment with the exact one.

no) =

5.3. Problems with singular points outside a domain

We consider two problems whose solutions have singular points.

identified (outer) --------

exact (outer)
identified (inner) ---------
exact (inner)

0.5

-1 L L N
0 /2 n 3n/2 2n

6

Fig. 13. The identified solution uy versus the exact solution u (no noise).

3+ *
*
*
2r *
*
1F
*
° '
*
1F
*
2F *
*
*
3L \ * - \ )
4 2 0 2 4

Fig. 14. Domain and distribution of points ((Reut, Rin, M, N) = (3.2,0.2,5200, 30)).
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We first assume the exact solution

u(x,y) = log \/(x —02)*+y2 —log \/(x +0.2)2 42
in the annulus domain
Q={(xy): 05 <x*+y* <1}
with the outer and the inner boundaries
Fow={(xy): ¥ +y* =1}, TI'n={(xy):x* +y*=0.5%}.

The exact solution u has two singular points at (x,y) = (-0.2,0),(0.2,0).
We now assume that the exact potential u is unknown. From the Cauchy data given on the fourth part of the outer bound-
ary I'oy, defined by

I'n:={(xy): ¥ +y*=1,x>0,y >0},

we identify a boundary value on the rest of the boundary (I'oy \ I'1) U Tip.

We distribute uniformly the collocation points {x;}', c I';. The source points {éj}j'i] C ©° are uniformly distributed along
two circles whose centers are the origin and radii are R, and Ry, respectively.

In the first case, the exact Cauchy data is assumed to be given. Let (Rou, Rin, M, N) = (3.2,0.4,600, 60) (Fig. 12). Fig. 13
shows the identified solution on the outer and the inner boundaries. We can see that the identified solution is in very good
agreement with the exact one in spite of the solution with singular points.

In the second case, the relative noise level of the Cauchy data is assumed to be 5% (5=0.05). Let
(Rout, Rin, M, N) = (3.2,0.2,5200, 30) (Fig. 14). The optimal regularization parameter can be found as & = 6.3932 x 10> by
using the L-curve. Fig. 15 shows the regularized solution on the outer and the inner boundaries with respect to the optimal
regularization parameter. From this result, we know that the regularized solution is acceptable.

identified (outer) --------
exact (outer)
T, identified (inner) --------
g 2\ exact (inner)

0.5

0 /2 T 3n/2 2n

Fig. 15. The regularized solution uy versus the exact solution u (5% noise level).

identified (outer) -----; g

exact (outer)
identified (inner) -/----- E
exact (inner)

/T

0 w2 m 3m/2 2n

Fig. 16. The regularized solution uy versus the exact solution u (5% noise level).
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As another example, we assume that the exact solution is given by

X
uR,y) = Xy
in the same domain as above. The Cauchy data with 5% noise level are prescribed on the same part of the boundary as above.
Let (Rout, Rin, M, N) = (3.2,0.05, 5200, 30). Fig. 16 shows the regularized solution on the outer and the inner boundaries with
respect to the optimal regularization parameter o = 1.5088 x 103, The accuracy of the regularized solution is quite good.
Thus, we can obtain a high accurate solution for a problem such that the exact solution is unbounded outside the com-
putational domain.

6. Conclusions

We consider using the MFS as the numerical method for the Cauchy problem of the Laplace equation. Since the MFS is a
meshless method, we can easily treat a complicated boundary. This paper proposes a direct method instead of an iterative
one. The Tikhonov regularization can find a stable solution. The L-curve automatically gives a suitable regularization param-
eter, which coincides with the optimal one as shown in the numerical experiments. Hence, after setting the parameters
(R,M,N) the optimal regularized solution can be obtained quickly and automatically. Moreover, it is a significant point to
be emphasized that our numerical method can successfully solve even a problem whose solution has singular points outside
the computational domain. This is a problem the conventional numerical methods like the FDM and the spectral collocation
method cannot solve. We conjecture that the reason why the MFS can solve this type of problems is that the basis functions
of the MFS have singular points. Hence, it may be possible to solve such a problem by using other numerical methods if we
can choose basis functions with singular points.

The following is the guideline for choosing better parameters (R, M, N): The collocation points should be distributed as
many as possible compared with the source points. There is no value increasing the number of source points N. It is enough
for N ~ 30 to obtain a better solution. The radius of the circle where source points are distributed should be small like R ~ 3,
since the stability is more important than the accuracy in this inverse problem.

In conclusion, the numerical method proposed in this paper is applicable for solving a problem in a complicated domain
with the Cauchy data that contains large noises even with a noise level of 10%. This method is also effective for solving even a
problem with singular points.
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